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I. INTRODUCTION
In this article we concentrate on systems that are separable in Cartesian coordinates and
possess an additional integral of arbitrary order N > 2. The systems are second-order
integrable because in addition to the Hamiltonian
H =
1
2
(
p21 + p
2
2
)
+ V (x, y) , V (x, y) = V1(x) + V2(y) , (1)
they allow, for arbitrary potential functions V1(x) and V2(y), a second-order integral
X =
1
2
(
p21 − p22
)
+ V1(x) − V2(y) . (2)
Evidently, the Hamiltonian (1) is S2 invariant under the permutation x ⇔ y while X is
anti-invariant. The existence of an additional integral Y , a polynomial of order N in the
momentum components, makes the system Nth-order superintegrable (more integrals of
motion than degrees of freedom). In classical mechanics H, X and Y are well-defined
functions on phase space and are functionally independent. In quantum mechanics they
are assumed to be polynomials, or convergent series22,50 in the enveloping algebra of the
Heisenberg algebra in E2, i.e., the Lie algebra with basis {x, y, p1, p2, 1}. The operators H,
X, Y are assumed to be polynomially independent, that is no nontrivial Jordan polynomial
in the quantities (H,X, Y ) is equal to zero9,12,41,72. We will use the usual vector fields
(p1 = −i ~ ∂x, p2 = −i ~ ∂y) in quantum mechanics. In classical mechanics, p1 and p2 are
the canonical momenta components conjugate to the coordinates x and y, respectively.
For recent reviews of classical and quantum superintegrable systems see the articles46,57. In
particular, for the intimate relationship between superintegrability and exact solvability in
quantum mechanics see the papers29,30,65,66. Theoretical studies of integrable and super-
integrable systems have been extended to Riemannian and pseudo-Riemannian spaces of
arbitrary dimensions and with integrals of arbitrary order as well5,11,38,43,48,64. For recent
applications of superintegrable systems in such diverse fields as optics, condensed-matter
physics and the theory of orthogonal polynomials see the articles3,33,59,61,70.
An interesting phenomenon was observed in several works34,35,67 when studying third order
(N = 3) superintegrable quantum systems in E2. Namely, when the potential allows a second
order integral (that leads to separation of variables in either Cartesian or polar coordinates)
and an additional one of (at least) third order then exotic potentials arise, (see2,23,25,34,67).
These are potentials that do not satisfy any linear ordinary differential equation (ODE) but
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only nonlinear ones. It turned out that all the ODEs obtained in the quantum case for these
potentials pass the Painleve´ test, a necessary condition for the Painleve´ property. In fact,
most of the ODEs obtained in the quantum case were shown to have the Painleve´ property.
The ODEs were explicitly integrated in terms of the 6 original Painleve´ transcendents32,44,60.
This means that the general solution (in the case of the present article the potential) of
these equations has no movable critical singularities (see Refs.14,15,32,44,60). It can hence be
expanded into a Laurent series with a finite number of negative powers.
Another important fact is that the exotic quantum potentials are proportional to ~2. The
appearance of ~−dependent potentials is not as rare (or unphysical) as one may think. In
a series of papers of one of the authors (see24,58,69 and references therein), the quantum n-
body problem in d−dimensional Euclidean space with interaction depending only on mutual
(relative) distances was considered. It was shown that for the ground state a reduced
Hamiltonian can be constructed. This Hamiltonian describes a n(n−1)
2
-dimensional quantum
particle moving in a curved space with an additional d-dependent singular effective potential
Veff . Remarkably, this potential Veff is also proportional to ~2.
The aim of this article is to establish some general properties of superintegrable systems
separating in Cartesian coordinates and allowing a higher Nth order integral. The properties
were observed for specific choices of N . The method and results presented here can be easily
extended to all N ≥ 3.
Among the results observed for 3 ≤ N ≤ 5 we mention:
1. Superintegrable Hamiltonians in classical and quantum mechanics can differ41,42.
Terms depending on ~ can appear in the quantum case. The classical limit ~ → 0
can be singular and must be taken in the determining equations, not in the solutions.
This is true for any Hamiltonian in E2 with an integral of order N , independently of
the separation of variables.
2. Three types of potentials and superintegrable systems occur. We call them doubly
exotic, singly exotic and standard. For standard systems the potential functions V1(x)
and V1(y) are both solutions of linear ODEs obtained from a linear compatibility
condition for the nonlinear determining equations that must be satisfied for Y to be
an integral of motion. For doubly exotic potential the linear ODEs are satisfied trivially
for both potential functions, i.e. the integral Y is such that all coefficients in the linear
3
compatibility condition vanish. The functions V1(x) and V1(y) then satisfy nonlinear
ODEs. In quantum mechanics, these nonlinear equations pass the Painleve´ test1,14,
in the classical case they do not. In general, the quantum doubly exotic potentials
were then expressed in terms of elliptic functions, or known (second order) Painleve´
transcendents (i.e. the solutions of the Painleve´ equations44 (page 345)). However,
starting from N = 5 it was found2,39 that certain potentials cannot be expressed in
terms of the six Painleve´ transcendents. It is conjectured that they define new (higher
order) Painleve´ transcendents.
3. The integrals of motion H, X and Y satisfy [H,X] = [H,Y ] = 0, [X, Y ] = C 6= 0,
where [·, ·] denotes the Lie bracket in quantum mechanics and the Poisson bracket in
the classical case. Further commutations like [X,C], [Y,C], . . . , in general yield an
infinite dimensional Lie algebra, exceptionally a finite dimensional algebra4,28,45, or
a Kac-Moody algebra18. It is however more fruitful to view this algebra as a finite
dimensional polynomial Lie or Poisson algebra13,19,47,49,53. In many cases it turns out
that the commutators [X,C] = D1, [Y,C] = D2 are polynomials in X, Y and H with
constant coefficients.
4. A simple and crucial observation is that if a potential V (x, y) as in (1) allows an in-
tegral Y of order M then the same potential will show up again for infinitely many
values of N ≥ M . This is because all powers Xa Y bHc and all commutators [Xa, Y b]
(Lie or Poisson, respectively) are also integrals of motion. Only 3 of them (including
the Hamiltonian) can be functionally (or polynomially) independent. What is of in-
terest is to determine the lowest order of N for each superintegrable potential. As an
example we recall that Drach in his pioneering article21 found 10 classical complex in-
tegrable potentials with a third-order integral (in E2(C)). Much later it was shown63,68
that 7 of the 10 systems were reducible. Indeed, these 7 were actually second-order
superintegrable and the third-order integral is a commutator of two second-order ones.
The above features of quantum superintegrable systems in two-dimensional Euclidean spaces
are shared by all known superintegrable systems. In particular, a new Painleve´ conjecture56
states that if the potentials satisfy identically a certain linear compatibility condition for the
existence of an integral of motion of order N ≥ 3 and also allow the separation of variables in
Cartesian (or polar) coordinates, then they will be solutions of ordinary differential equations
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that pass the Painleve´ test. All linear equations have the Painleve´ property by default, they
have no movable singularities at all. Exotic potentials, on the other hand, are solutions of
genuinely nonlinear ODEs that pass the Painleve´ test and in most cases have been shown
to have the Painleve´ property. This represents a surprising connection of higher order
superintegrability in the quantum case with soliton theory of infinite-dimensional integrable
nonlinear systems.
The motivation of this article is twofold, first to shed light on the classification of general
higher order two-dimensional superintegrable systems and, secondly, to describe a systematic
method to calculate them. A recent different approach based on operator algebras is analyzed
in the articles39,55, see also the paper27 for the one-dimensional case.
A general observation is that standard superintegrable potentials are determined by linear
ODEs arising from a linear compatibility condition (LCC). For doubly exotic potentials
the LCC is satisfied trivially but new nonlinear compatibility conditions (NLCC) arise that
determine the potentials.
The structure of the article is the following. In Section II, we first review the determining
equations governing the existence (and the form) of a general Nth-order polynomial integral
YN for a separable potential as in eq. (1). In Section III we show that the highest order
terms in the integral YN lie in the Nth layer of the enveloping algebra of the Euclidean
Lie algebra e(2). The next to leading terms are studied in Section IV where we show that
a LCC that is a linear PDE for any superintegrable potential reduces to two uncoupled
linear ODEs for each of the potential functions V1(x) and V2(y) in the separable case (1).
In Section V we introduce a well of determining equations and NLCC. The potentials are
determined from the compatibility conditions. Once the potentials are known, the remaining
determining equations become linear and can be solved. In Section VI the LCC is used to
classify superintegrable systems into 3 classes: doubly exotic, singly exotic and standard. A
general formula for YN is given for the doubly exotic case. Two types of trivial integrals are
discussed in Section VII. The first is due to separability alone and the trivial integral Y trN is a
polynomial in H and X. The second type is a consequence of lower order superintegrability.
Both types should be discarded. In Section VIII we introduce two infinite families of doubly
exotic nontrivial Nth-order systems. Section IX is devoted to low order examples with
N = 3, 4, . . . , 10. For conclusions and future outlook see Section X.
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II. GENERAL NTH-ORDER INTEGRAL FOR POTENTIALS ALLOWING
SEPARATION OF VARIABLES IN CARTESIAN COORDINATES
A. General form
In the quantum case, we can write the most general Nth-order Hermitian polynomial oper-
ator YN in the form
YN =
1
2
[N
2
]∑
`=0
N−2`∑
j=0
{ fj,2` , pj1 pN−j−2`2 } , (3)
(cf. eq. (6) in Ref.62), where N ∈ Z+, p1 = −i ~ ∂x, p2 = −i ~ ∂y, [a] indicates the integer
part of a, { , } denotes an anticommutator and fj,2` = fj,2`(x, y, V ) are real functions that,
in general, depend on the variables x and y and the potential V . These functions as well
as the potential V will be determined by vanishing the commutator with the Hamiltonian
[H, YN ] = 0.
Equivalently, the integral YN (3) can be written as follows
YN = WN +
1
2
[N
2
]∑
`=1
N−2`∑
j=0
{ f˜j,2` , pj1 pN−j−2`2 } , (4)
where the Nth-order terms are collected in WN
WN =
1
2
∑
0≤m+n≤N
AN−m−n,m,n {LN−m−nz , pm1 pn2 } . (5)
In the above formulas Lz = x p2 − y p1 is the angular momentum operator and AN−m−n,m,n
are (N+1)(N+2)
2
arbitrary real constants with at least one of them different from zero so that
the integral YN (3) is of order N . The functions f˜j,2` in (4) depend on the variables x, y and
the potential V as well. This term WN is fundamental since it determines the existence of
the Nth-order integral YN (3). We will see that the potential V (1) obeys only non-linear
ODEs depending on which parameters AN−m−n,m,n in (5) are present or not.
In YN (3), by putting N = 2, A0,2,0 = −A0,0,2 = 12 , A2,0,0 = A1,1,0 = A1,0,1 = A0,1,1 = 0 and
f˜0,2 = V1(x)− V2(y) we arrive to second order integral X (2), namely Y2 = X.
The second order integrable Hamiltonian (1) becomes Nth-order (N > 1) superintegrable if
it commutes with the operator YN .
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B. The determining equations
For an arbitrary Nth-order polynomial differential operator
YN =
N∑
k+l=0
{ gk,l(x, y) , pk1 pl2 } ,
the commutator with the Hamiltonian [H, YN ] is a differential operator of order (N + 1),
i.e. we have
[H, YN ] =
N+1∑
k+l=0
Zk,l
∂k+l
∂xk ∂yl
, (6)
where the coefficients Zk,l = Zk,l(x, y; gk,l, V ), in front of the partial derivatives, depend on
x, y, gk,l and the potential V . We require
Zk,l(x, y; gk,l, V ) = 0 for all k and l , (7)
([H, YN ] = 0) and obtain the determining equations. For an Nth-order integral of the form
(3), and an arbitrary potential V , these equations were derived in Ref.62.
In the case of a separable potential V (x, y) = V1(x) + V2(y), the determining equations in
Ref.62 reduce to
0 = Mj,2` ≡ Zj,N−2 `−j+1 , (8)
where
Mj,2` ≡ 2 (∂xfj−1,2` + ∂yfj,2`) (9)
− (2(j + 1)fj+1,2`−2V ′1 + 2(N − 2`+ 2− j)fj,2`−2V ′2 + ~2Qj,2`) ,
here Qj,2` is a quantum correction term given by
Qj,2` ≡
(
2∂xφj−1,2` + 2∂yφj,2` + ∂2xφj,2`−1 + ∂
2
yφj,2`−1
)
(10)
− 2
`−2∑
n=0
(−~2)n
[ (
N − 2`+ 2n+ 4− j
2n+ 3
)
V
(2n+3)
2 fj,2`−2n−4 +(
j + 2n+ 3
2n+ 3
)
V
(2n+3)
1 fj+2n+3,2`−2n−4
]
− 2
2`−1∑
n=1
(−~2)b(n−1)/2c
[ (
N − 2`+ n+ 1− j
n
)
V
(n)
2 φj,2`−n−1 +(
j + n
n
)
V
(n)
1 φj+n,2`−n−1
]
,
7
V
(s)
1 ≡ d
s
dxs
V1, V
(q)
2 ≡ d
q
dyq
V2. The functions φj,k are defined for k > 0 as
φj,2`− =
∑`
b=1
2b−∑
a=0
(−~2)b−1
2
(
j + a
a
)(
N − 2`+ 2b− j − a
2b− − a
)
∂ax∂
2b−−a
y fj+a,2`−2b , (11)
with  = 0, 1. The real functions fj,` ≡ 0 identically for ` < 0 and j < 0 as well as for
j > N − 2`.
• All other determining equationsMj, 2`+1 = 0 can be written as differential consequences
of the set of equations (8).
• The functions fj,0, those with ` = 0, do not depend on the potential and can be solved
explicitly. They are presented in the next Section.
• From (8) with ` = 1, we obtain a linear compatibility condition for the potential V
only. These equations also define the functions fj,2 in terms of x,y and the potential
V .
• Starting from ` = 2, the equations (8) will lead to nonlinear compatibility conditions
for the potential V only.
The number of determining equations (8) is equal to
[N+1
2
]∑
`=0
(N − 2`+ 2) =
 14(N + 3)2 N odd1
4
(N + 2)(N + 4) N even.
(12)
For a given potential V (x, y) the determining equations are linear first-order partial differ-
ential equations for the unknowns fj,2`(x, y). The number of unknowns is
[N+1
2
]∑
`=0
(N − 2`+ 1) =

(N+1)(N+3)
4
N odd
1
4
(N + 2)2 N even .
(13)
The system is overdetermined and subject to compatibility conditions. If the potential
V (x, y) is not a priori known, then the system (8) becomes nonlinear and V (x, y) must be
determined from the compatibility conditions.
The determining equations (8)-(10) are written for YN in the form (3), that is, for the
functions fj,2`. The equivalent ones for the functions f˜j,2` in (4) can be obtained in a similar
way, see eqs. (39)-(42) in Ref62).
In the classical case, the determining equations can be obtained from those of the quantum
case by taking the appropriate limit ~→ 0 .
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III. THE COEFFICIENTS fj,0 AND THE ENVELOPING ALGEBRA OF
THE EUCLIDEAN LIE ALGEBRA e(2)
The functions fj,0, which define the (leading) Nth-order terms in YN (3), are given by the
determining equations (8) with ` = 0, Mj,0 = 0. These equations correspond to the vanishing
of all the coefficients, in the commutator [H, YN ], multiplying the partial derivatives of order
N + 1. They do not depend on the potential and can be solved explicitly. The solutions are
given by62
fj,0 =
N−j∑
n=0
j∑
m=0
(
N − n−m
j −m
)
AN−n−m,m,nxN−j−n(−y)j−m, (14)
which implies that the leading part (5) of the integral YN is a polynomial of order N in the
enveloping algebra of the Euclidean Lie algebra e(2) with basis {p1, p2, Lz}. Thus, for any
N the functions fj,` with ` = 0 are known in terms of the
(N+1)(N+2)
2
constants AN−n−m,m,n
figuring in (5).
IV. THE COEFFICIENTS fj,2 AND THE LINEAR COMPATIBILITY
CONDITION
The functions fj,2, which define the next-to-leading terms in YN (3), are defined by (8) with
` = 1. These equations correspond to the vanishing of all the coefficients in the commutator
[H, YN ] multiplying the partial derivatives of order N−1. These equations do depend on the
potential V (x, y). Hence, they can not be solved in full generality. However, for arbitrary
N it has been shown40,62 that their compatibility condition implies that the potential V ,
independently of the separation of variables, must satisfy a linear compatibility condition
(LCC), a PDE of order N . This LCC is a necessary but not sufficient condition for the
existence of the Nth order integral. For a separable potential V (x, y) = V1(x) + V2(y), the
LCC takes the form
N−1∑
j=0
(−1)j
[
(j + 1)Aj+1,N (−1)(j+1−m)
[(
d
dy
)j
yj+1−m
]
Q
(j)
1 (x) +
(N − j)Aj,N
[(
d
dx
)N−j−1
xN−j−n
]
Q
(j)
2 (y)
]
= 0 ,
(15)
where
Aj,N ≡
N−j∑
n=0
j∑
m=0
(
N −m− n
j −m
)
AN−m−n,m, n ,
9
and
Q
(j)
1 (x) ≡
(
d
dx
)N−j−1
[xN−j−n−1 V ′1(x) ] ,
depends only on x, V1(x) and its derivatives, while
Q
(j)
2 (y) ≡ (−1)(j−m)
(
d
dy
)j
[ yj−m V ′2(y) ] ,
is a function of y, V2 and its derivatives alone. In (15), the y-contributions to the coefficient
of Q
(j)
1 (x), those that depend on the variable y, come from the terms with m = 0 and m = 1
only, while for the coefficient of Q
(j)
2 (y) its x-dependence is due to the terms with n = 0 and
n = 1 alone. Therefore, for any j the coefficients in front of Q
(j)
1 (x) and Q2(y)
(j) are at most
linear in the variables y and x, respectively.
Hence, differentiating (15) twice with respect to x, we eliminate the dependence on V2(y)
completely. The resulting equation is a polynomial of degree one in y with coefficients τ1
and υ1, respectively, that depend on both x and derivatives of V1(x) only,
∂2x (LCC) = τ1(x) + y υ1(x) = 0 , (16)
here
τ1(x) =
N−1∑
j=0
(j + 1)!
N−j−1∑
n=0
(
N − 1− n
j
)
AN−1−n, 1, n
(
d
dx
)N−j+1
[xN−j−n−1 V ′1(x) ] ,
and
υ1(x) =
N−1∑
j=0
(j+1)(j+1)! (−1)2j+1
N−j−1∑
n=0
(
N − n
j + 1
)
AN−n, 0, n
(
d
dx
)N−j+1
[xN−j−n−1 V ′1(x) ] .
Each of these two coefficients must vanish and we obtain two linear ODEs of order (N + 2)
for V1(x), namely τ1 = 0 and υ1 = 0. Similarly, from the equation
∂2y (LCC) = τ2(y) + x υ2(y) = 0 , (17)
we obtain two linear ODEs of order (N + 2), τ2 = 0 and υ2 = 0, for V2(y). They can be
obtained from (16) using the symmetry x↔ y. We have arrived at the following theorem.
Theorem 1 A necessary condition for a separable potential V (x, y) = V1(x) + V2(y) in E2
to allow a polynomial integral of order N ≥ 3 is that the potential functions V1(x) and V2(y)
satisfy the ODEs (16) and (17).
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Remark: The important point of Theorem 1 is that the number of ODEs is always two,
independently of the value of N . This implies that each potential function V1(x) and V2(y)
satisfies an overdetermined system of two linear ODEs, namely τ1(x) = υ1(x) = 0 and
τ2(y) = υ2(y) = 0, respectively. This in turn explains why superintegrable systems are rare.
Moreover, in addition to the LCC (15), there exist nonlinear compatibility conditions which
are very instrumental in finding superintegrable potentials. So far, they have not been studied
in detail. We will pay special attention to these nonlinear compatibility conditions.
V. THE COEFFICIENTS fj,4 AND THE NONLINEAR COMPATIBILITY
CONDITIONS
In this section, assuming a general Nth order integral of the form (3), we will construct a
nonlinear compatibility condition for the potential alone. This equation is obtained from
the determining equations (8) with ` = 2, i.e. those that also define the functions fj,4 in
(3). They correspond to the vanishing of all the coefficients, in the commutator [H, YN ],
multiplying the partial derivatives of order N − 3.
For arbitrary N > 3, the set of determining equations with ` = 2 is generically given by
∂xfj−1,4 + ∂yfj,4 = Fj , j = 0, 1, 2 . . . , N − 4 , (18)
see eqs.(8)-(9), where
Fj = Fj(x, y, V, fj,2, AN−m−n,m, n, N) , (19)
depend on the potential V (and its derivatives), the functions fj,2 and the parameters
AN−m−n,m, n and N . In (18), fj,2 is identically 0 for j < 0 or j > N − 4. In particu-
lar, Fj (19) contain products between the derivatives of V times the functions fj,2. For the
present consideration the explicit form of the Fj is not relevant and for arbitrary N is not
particularly illuminating.
Now, let us briefly come back to the previous set of determining equations (8) with ` = 1.
This set of equations leads to the LCC (15) and, basically, they define all the functions
fj,2 = fj,2(x, y, V, AN−m−n,m, n, N) , (20)
in terms of x, y and V . As a matter of fact, for ` = 1 one can solve (8) straightforwardly.
Therefore, substituting (20) into (19) we can express the functions Fj in terms of the po-
tential V (and its derivatives) only. Accordingly, the functions Fj depend nonlinearly on
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the potential V . In this case, we can also obtain a nonlinear compatibility condition (see
below).
For example, for N = 5 we get from (8) with ` = 2 (thus j = 0, 1) a system of equations of
the form
∂yf0,4 = F0
∂xf0,4 + ∂yf1,4 = F1
∂xf1,4 = F2 .
(21)
We first solve (8) with ` = 1 to obtain all the functions fj,2. Then, in this case also F0, F1
and F2 in (21) are known. Hence, the compatibility condition of (21)
∂2x(∂yf0,4) + ∂
2
y(∂xf1,4) − ∂2x,y(∂xf0,4 + ∂yf1,4) ≡ 0 ,
provides a nonlinear ODE for the potential V alone (cf. eq. (28) in Ref 2).
Similarly in the case N = 6, from (8) with ` = 1 (thus j = 0, 1, 2) we arrive to the following
system of equations
∂yf0,4 = F0
∂xf0,4 + ∂yf1,4 = F1
∂xf1,4 + ∂yf2,4 = F2
∂xf2,4 = F3 .
(22)
thus, their compatibility condition
∂y∂
2
x(∂xf04 + ∂yf14) − ∂x∂2y(∂xf14 + ∂yf24) − ∂3x(∂yf04) − ∂3y(∂xf24) ≡ 0 ,
gives a nonlinear ODE for the potential V as well.
Direct analysis of the determining equations (18) with ` = 2, shows that for arbitrary odd
N > 3 (thus j = 0, 1, 2, . . . , N − 4) we can obtain a NLCC for the potential V as follows:
• First, we solve the set of determining equations Mj,2` = 0 (8) with ` = 1. They define
all the functions fj,2 present in (3).
• Then, from the next set of determining equations Mj,2` = 0 with ` = 2 we calculate
all the (N − 3) functions fj,4 except those with j = N−52 and j = N−32 . That way, we
arrive to the system
∂yfN−5
2
,4 = F˜N−5
2
∂xfN−5
2
,4 + ∂yfN−3
2
,4 = F˜N−3
2
∂xfN−3
2
,4 = F˜N−1
2
,
(23)
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here the F˜ ’s are real functions that depend on the potential V (and its derivatives)
only.
• Finally, the compatibility condition of (23)
∂2x(∂yfN−5
2
,4) + ∂
2
y(∂xfN−3
2
,4) − ∂2x,y(∂xfN−5
2
,4 + ∂yfN−3
2
,4) ≡ 0 , (24)
provides the aforementioned nonlinear ODE for the potential V .
As for N > 4 odd, the procedure is similar
• We solve the set of determining equations Mj,2` = 0 with ` = 1. They define all the
functions fj,2.
• Then, from the next set of determining equations Mj,2` = 0 with ` = 2 we calculate
all the (N − 3) functions fj,4 except those with j = N−62 , N−42 and j = N−22 . That way,
we arrive to the system
∂yfN−6
2
,4 = FN−6
2
∂xfN−6
2
,4 + ∂yfN−4
2
,4 = FN−4
2
∂xfN−4
2
,4 + ∂yfN−2
2
,4 = FN−2
2
∂xfN−2
2
,4 = FN
2
,
(25)
here again the F ’s are real functions that depend on the potential V (and its deriva-
tives) only.
• Hence, the compatibility condition of (25)
∂y∂
2
x(∂xfN−6
2
,4 + ∂yfN−4
2
,4) − ∂x∂2y(∂xfN−4
2
,4 + ∂yfN−2
2
,4) −
∂3x(∂yfN−6
2
,4) + ∂
3
y(∂xfN−2
2
,4) ≡ 0 ,
(26)
leads to a nonlinear ODE for the potential V .
From the equations Mj,2` = 0 (8), it is clear that more NLCC occur with ` = 3, 4, . . . ,
[
N
2
]
.
These equations will restrict the general solution, found from the set Mj,4 = 0 (` = 2), of
the potential V only. The general picture of the aforementioned procedure is summarized
in Fig. 1.
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𝑀𝑗,0 𝑓𝑗,0
𝑀𝑗,4
𝑀𝑗,2
𝑀𝑗,6
The equations do not depend on the potential 𝑉 𝑥, 𝑦 .  
These equations define the functions 𝑓𝑗,0
𝑓𝑗,2
The equations define the functions 𝑓𝑗,2, which depend 
on 𝑉 𝑥, 𝑦 , and provide a LCC for the potential
They define the functions 𝑓𝑗,4 and provide the first NLCC 
for the potential
𝑀𝑗,𝑁
The equations define the functions 𝑓𝑗,𝑁 and the potential 
𝑉 𝑥, 𝑦
𝓁 = 0
𝑓𝑗,4
𝑓𝑗,𝑁
𝑓𝑗,6
They define the functions 𝑓𝑗,6 and provide another NLCC 
for the potential
𝓁 = 1
𝓁 = 3
𝓁 = 2
𝓁 = [𝑁/2]
FIG. 1. Nth-order superintegrable systems. The condition [H, YN ] = 0 leads to a ”well” of
determining equations Mj,2` = 0 (8).
The entire procedure can be described as follows. The determining equations (8) which were
originally nonlinear PDEs are reduced to a coupled system of ODES by the separation of
variables. At the first level of the ”well” the equations do not depend on the potential and
are hence linear ODEs that can be solved to obtain the coefficients fj,0. At the second level
the equations for fj,2 do depend on the potential but their compatibility condition is linear
and separates into 2 linear ODEs for V1(x) and two for V2(y). At all further levels the ODEs
and their compatibility conditions are nonlinear ODEs. The main object of interest are the
compatibility conditions since they determine the potential.
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VI. DOUBLY EXOTIC, SINGLY EXOTIC AND STANDARD
POTENTIALS
Based on the LCC (15), we define three major classes of superintegrable potentials:
Doubly exotic potentials: they satisfy the LCC (15) trivially. All four linear ODEs
τ1(x, V1) = 0, τ2(y, V2) = 0, υ1(x, V1) = 0, and υ2(y, V2) = 0 (see (16)-(17)) vanish identically
for any V1(x) and V2(y). Thus, the LCC (15) does not imply any linear ODE for V1(x) nor
for V2(y). It follows that all the coefficients AN−m−n,m, n that figure in the LCC (15) must
vanish but at least one of the other ones must survive so that the integral YN (3) is of order
N .
Singly exotic potentials: a singly exotic potential V1(x) in x, occurs when both linear
ODEs τ1 = 0 and υ1 = 0 in (16) are fulfilled trivially (V1(x) does not satisfy any linear
ODE) while V2(y) obeys, non trivially, the LCC (15). Similarly, one can define singly exotic
potentials V2(y) in y.
Standard potentials: they occur when neither V1(x) nor V2(y) are exotic, their most
general forms are given by the solutions of the linear ODEs (16) and (17), respectively.
In this work we will focus on doubly exotic potentials.
A. Integral YN for doubly exotic potentials
For doubly exotic (DE) potentials, i.e. those which satisfy the LCC (15) trivially, the
Hermitian Nth-order operator (3) can be written in the form
YN,DE = WN +
1
2
[N
2
]∑
`=1
N−2`∑
j=0
{ f˜j,2` , pj1 pN−j−2`2 } ; (N > 2) , (27)
where
WN = A0,N,0 p
N
1 + A0,0,N p
N
2 +
1
2
AN−4,2,2 {LN−4z , p21 p22 } (28)
+
1
2
∑
4<m+n<N ; |m−n|<N−4
AN−m−n,m,n {LN−m−nz , pm1 pn2 }+
∑
0≤m+n=N ; |m−n|≤N−4
A0,m,n p
m
1 p
n
2 ,
and { , } denotes an anticommutator. The Nth-order terms (27) contains 4(N − 1) less
parameters AN−m−n,m,n than the generic expression (3). Notice that the angular momentum
Lz appears in the integral YN,DE starting from N = 5. For N ≥ 5, it can contain the powers
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Lz, L
2
z, L
3
z, . . . , L
N−4
z only. For large N , the number of terms in WN grows as N
2. Below,
for the lowest cases N = 3, 4, . . . , 10 we present the most general leading term WN of the
integral YN,DE explicitly
W3 = A030 p
3
1 + A003 p
3
2 . (29)
W4 = A040 p
4
1 + A004 p
4
2 + A022 p
2
1 p
2
2 . (30)
W5 = A050 p
5
1 + A005 p
5
2 + A032 p
3
1 p
2
2 + A023 p
2
1 p
3
2 +
1
2
A122{Lz, p21 p22 } . (31)
W6 = A060 p
6
1 + A006 p
6
2 + A033 p
3
1 p
3
2 + A024 p
2
1 p
4
2 + A042 p
4
1 p
2
2
+
1
2
A222 {L2z, p21 p22} +
1
2
A123 {Lz, p21 p32} +
1
2
A132 {Lz, p31 p22} .
(32)
W7 = A070 p
7
1 + A007 p
7
2 +
1
2
A322 {L3z, p21 p22 } +
1
2
A232 {L2z, p31 p22 } +
1
2
A223 {L2z, p21 p32 }
+
1
2
A142 {Lz, p41 p22 } +
1
2
A124 {Lz, p21 p42 } +
1
2
A133 {Lz, p31 p32 }
+ A052 p
5
1 p
2
2 + A025 p
2
1 p
5
2 + A043 p
4
1 p
3
2 + A034 p
3
1 p
4
2 .
(33)
W8 = A080 p
8
1 + A008 p
8
2 +
1
2
A422 {L4z, p21 p22 } +
1
2
A323 {L3z, p21 p32 } +
1
2
A332 {L3z, p31 p22 }
+
1
2
A242 {L2z, p41 p22 } +
1
2
A224 {L2z, p21 p42 } +
1
2
A233 {L2z, p31 p32 }
+
1
2
A152 {Lz, p51 p22 } +
1
2
A125 {Lz, p21 p52 } +
1
2
A143 {Lz, p41 p32 } +
1
2
A134 {Lz, p31 p42 }
+ A062 p
6
1 p
2
2 + A026 p
2
1 p
6
2 + A035 p
3
1 p
5
2 + A053 p
5
1 p
3
2
+ A044 p
4
1 p
4
2 .
(34)
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W9 = A090 p
9
1 + A009 p
9
2 +
1
2
A522 {L5z, p21 p22 } +
1
2
A423 {L4z, p21 p32 } +
1
2
A432 {L4z, p31 p22 }
+
1
2
A342 {L3z, p41 p22 } +
1
2
A324 {L3z, p21 p42 } +
1
2
A333 {L3z, p31 p32 }
+
1
2
A252 {L2z, p51 p22 } +
1
2
A225 {L2z, p21 p52 } +
1
2
A243 {L2z, p41 p32 } +
1
2
A234 {L2z, p31 p42 }
+
1
2
A162 {Lz, p61 p22 } +
1
2
A126 {Lz, p21 p62 } +
1
2
A153 {Lz, p51 p32 } +
1
2
A135 {Lz, p31 p52 }
+
1
2
A144 {Lz, p41 p42 } + A072 p71 p22 + A027 p21 p72 + A045 p41 p52 + A054 p51 p42
+ A036 p
3
1 p
6
2 + A063 p
6
1 p
3
2 .
(35)
W10 = A0,10,0 p
10
1 + A0,0,10 p
10
2 +
1
2
A622 {L6z, p21 p22 } +
1
2
A523 {L5z, p21 p32 } +
1
2
A532 {L5z, p31 p22 }
+
1
2
A442 {L4z, p41 p22 } +
1
2
A424 {L4z, p21 p42 } +
1
2
A433 {L4z, p31 p32 }
+
1
2
A352 {L3z, p51 p22 } +
1
2
A325 {L3z, p21 p52 } +
1
2
A343 {L3z, p41 p32 } +
1
2
A334 {L3z, p31 p42 }
+
1
2
A262 {L2z, p61 p22 } +
1
2
A226 {L2z, p21 p62 } +
1
2
A163 {Lz, p61 p32 } +
1
2
A136 {Lz, p31 p62 }
+
1
2
A172 {Lz, p71 p22 } +
1
2
A127 {Lz, p21 p72 } +
1
2
A154 {Lz, p51 p42 } +
1
2
A145 {Lz, p41 p52 }
+ A028 p
2
1 p
8
2 + A082 p
8
1 p
2
2 + A037 p
3
1 p
7
2 + A073 p
7
1 p
3
2
+ A046 p
4
1 p
6
2 + A064 p
6
1 p
4
2 + A055 p
5
1 p
5
2 .
(36)
However, this number can be effectively reduced from the very beginning due to the existence
of trivial higher order integrals (see below.)
VII. TRIVIAL INTEGRALS
Two types of trivial higher order integrals exist.
A. Integrals of even order N that are consequences of second order
integrability
Integrals of even order N = 2K (K ∈ N) for arbitrary separable systems (1), (2) exist.
They are of the form
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Y TrN =
∑
0≤i+j≤K
αij X
iHj + l.o.t. , (37)
where αij ∈ R are arbitrary constants. The highest order terms W TrN (28) of the integral
Y TrN can be rewritten as
W TrN =
K∑
j=0
αj p
2(K−j)
1 p
2j
2 . (38)
When searching for superintegrable systems (H,X, YN) we can simplify from the very begin-
ning by linear combinations of YN with Y
Tr
N and use the constants αj in (38) to annihilate
all the terms of the form L0z p
2(k−j)
1 p
2j
2 , i.e. we put
A0, 2(k−j), 2j = 0 , j = 0, 1, 2 . . . , k , (39)
in WN (28).
For even N ≥ 4 this greatly restricts the number of doubly exotic systems. E.g. for N = 4
(see (30)) no doubly exotic systems exist since A040, A022 and A004 all correspond to trivial
integrals. For N = 6 the only nontrivial integral not involving Lz would correspond to A033.
However, even this case can be excluded since the square of the corresponding integral can
be expressed in terms of trivial integrals (a syzygy)
(p31 p
3
2)
2
= (p41 p
2
2)(p
2
1 p
4
2) . (40)
Similarly, for N = 8 doubly exotic potentials (34) the terms A080, A026, A044, A062 and A008
all correspond to trivial integrals. The remaining two integrals not involving Lz correspond
to A035 and A053, and again they can be expressed nonlinearly in terms of products of trivial
integrals
(p51 p
3
2)
2
= p81 (p
2
1 p
6
2) , (p
3
1 p
5
2)
2
= p82 (p
2
2 p
6
1) . (41)
Remark. Since there exists a syzygy with trivial integrals H and X, in the case of even
order N = 2K (K ∈ N) all the terms in Y2K of the form p2K−a1 pa2 and p2K−a2 pa1 can be
discarded from the very beginning. In particular, this implies that W4 is identically zero
while W6, W8 and W10 reduce to
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W6 =
1
2
A222 {L2z, p21 p22} +
1
2
A123 {Lz, p21 p32} +
1
2
A132 {Lz, p31 p22} . (42)
W8 =
1
2
A422 {L4z, p21 p22 } +
1
2
A323 {L3z, p21 p32 } +
1
2
A332 {L3z, p31 p22 }
+
1
2
A242 {L2z, p41 p22 } +
1
2
A224 {L2z, p21 p42 } +
1
2
A233 {L2z, p31 p32 }
+
1
2
A152 {Lz, p51 p22 } +
1
2
A125 {Lz, p21 p52 } +
1
2
A143 {Lz, p41 p32 } +
1
2
A134 {Lz, p31 p42 } .
(43)
W10 =
1
2
A622 {L6z, p21 p22 } +
1
2
A523 {L5z, p21 p32 } +
1
2
A532 {L5z, p31 p22 }
+
1
2
A442 {L4z, p41 p22 } +
1
2
A424 {L4z, p21 p42 } +
1
2
A433 {L4z, p31 p32 }
+
1
2
A352 {L3z, p51 p22 } +
1
2
A325 {L3z, p21 p52 } +
1
2
A343 {L3z, p41 p32 } +
1
2
A334 {L3z, p31 p42 }
+
1
2
A262 {L2z, p61 p22 } +
1
2
A226 {L2z, p21 p62 } +
1
2
A163 {Lz, p61 p32 } +
1
2
A136 {Lz, p31 p62 }
+
1
2
A172 {Lz, p71 p22 } +
1
2
A127 {Lz, p21 p72 } +
1
2
A154 {Lz, p51 p42 } +
1
2
A145 {Lz, p41 p52 } ,
(44)
respectively.
B. Integrals of order N that are consequences of lower order
superintegrability
Let us consider the case of a Hamiltonian system of the type (1), (2) that is already super-
integrable for some potential V (x, y) = V1(x) + V2(y). Then in addition to the integrals H
and X we have a further nontrivial integral YM of the form (3). In a two-dimensional space
E2 we can have at most 3 algebraically independent integrals. Thus, there is no need to
search for further integrals for this potential.
On the other hand, if we wish to find all superintegrable systems of order N > M (in
particular all doubly exotic ones) it is necessary to discard all those that are really lower
order superintegrable and were already known. For those the Nth-order integral will be
reducible. In this case YN will be a polynomial in YM , H,X and possibly commutators of
the type [Y pM , X
q] where p and q are positive integers. These commutators will all vanish
unless the leading term in YM involves the operator Lz to some positive integer power.
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Remark. For odd N , if WN is a polynomial in WM ,H,X along with the trivial (lower
order) integral YW , a more general Nth-order superintegrable potential can occur. Thus, in
general, such terms can not be discarded from the very beginning.
VIII. TWO INFINITE FAMILIES OF DOUBLY EXOTIC POTENTIALS
The Hamiltonian H and the integral X are invariant and anti-invariant, respectively, under
the action of the permutation group S2, i.e. x⇔ y (thus, p1 ⇔ p2). Therefore, it is natural
to consider the Nth-order integral YN being either S2 invariant or anti-invariant. In this
study, we will restrict ourselves to the following two cases:
• Integrals of the form Y (I)2K+1 = cos γ p2K+11 + sin γ p2K+12 + l.o.t , where 0 < K ∈ N
and 0 < γ 6= pi
2
< pi. In this case, the integral Y
(I)
2K+1 is S2-invariant.
• Integrals of the form Y (II)N = {LN−4z , p21 p22 } + l.o.t , where N > 5. Hence, for N
even YN is invariant while for N odd it is anti-invariant.
By doing so, we are aware that a number of doubly exotic potentials will be overlooked.
Here we announce main findings only, with a detailed complete classification in papers
under preparation. Moreover, within the present approach those overlooked systems can be
easily obtained as well.
Hereafter, we will be mainly interested in the two above mentioned families of doubly exotic
Nth-order superintegrable systems with integrals for which the highest order terms have the
form
WN(I) = cos γ p
N
1 + sin γ p
N
2 ; N = 2K + 1 , K > 0 , (45)
0 < γ 6= pi
2
< pi, or
WN(II) = {L(N−4)z , p21 p22 } ; N > 4 . (46)
It is worth mentioning that in Refs.39,55 an elegant systematic use of algebraic systems in
one dimension is exploited to generate 2D superintegrable systems. In particular, the two
cases WN(I) and WN(II) correspond to the types (b, b) and (d, d), respectively (see Table
I in Ref.55). As for the algebraic approach see the papers6,20,40,43,51,52,71. However, it is not
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clear if all 2D superintegrable potentials can be obtained that way. Also, the analogue of
the general linear equation (15) which in the present formalism plays a fundamental role to
define the class of superintegrable potentials, especially the doubly exotic ones, is absent.
In this sense, the two methods complement each other.
Now, as a first step we need to show that the integrals (45) and (46) are not trivial ones
(irreducibility). We shall consider the two cases separately.
1. WN(I)
A polynomial of the form (45) can never have the form (37) (for N odd). The question is
whether WN(I) can be obtained from a lower order WM , N > M . The potential functions
V1 and V2 must satisfy the same nonlinear equations for the values M and N .
Let us first assume that WM = WM(I), i.e. WM and WN(I) belong to the same family. For
WN(I) 6= 0 to be a trivial extension of WM(I) we must have (N = 2K +M)
WN = WM W
Tr
2K = (cos γ p
M
1 + sin γ p
M
2 )
K∑
j=0
αj p
2(K−j)
1 p
2j
2
= cos γ
K∑
j=0
αj p
2(K−j)+M
1 p
2j
2 + sin γ
K∑
j=0
αj p
2(K−j)
1 p
2j+M
2
(47)
For WN to be in the family (45) we must annihilate all terms other than monomials in p1
or in p2. For cos γ 6= 0, this implies αj = α0 δj,0 or αj = αM δM,2(j−K). For sin γ 6= 0, this
implies αj = αK δj,K . Hence, W
Tr
2K = 0 (then WN = 0) which is a contradiction. 2
Other integrals of order M involving only the momenta p1 and p2, not belonging to the
family (45) also come in pairs
WM =
M−1∑
j=1
[
A0,M−j,j p
M−j
1 p
j
2 + A0,j,M−j p
j
1 p
M−j
2
]
. (48)
Multiplying the above WM by a trivial integral (38) we obtain again an integral that can not
be reduced to the form (45) for any choice of the arbitrary parameters αj. Hence, integrals
of the form (45) are irreducible.
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2. WN(II)
Finally an integral of the form (46) with leading term containing L2z can be generated by
lower order integral of the form L2Kz p
A
1 p
B
2 by commutations with a trivial integral Y
Tr
2m =
(p21 − p22)m. This can be reduced to the case
[L2Kz p
A
1 p
B
2 , p
2
1 − p22 ] = 4L2K−1z pA+11 pB+12 + l.o.t. . (49)
so, products of p1 and p2 are inevitable. Thus, e.g. we can obtain a trivial integral of order
7 from a nontrivial one of order 6. For Y6, the integral with A222 {L2z, p21 p22 } will yield a
trivial integral of the form Y7 = A133 {Lz, p31 p32 }+ l.o.t., but never {L3z, p21 p22 }.
More generally, the commutation will decrease the power of Lz by one, never increase it.
Therefore, integrals of the form (46) are irreducible as well.
IX. LOW ORDER EXAMPLES (3 ≤ N ≤ 10)
The leading terms of the integral YN were given in Section VI in eqs. (29)-(36). Here we
shall treat the cases N = 3, 4, . . . , 10 in more detail. In all cases we will respect the x ⇔ y
permutation symmetry. With respect to this symmetry the expressions for WN contain
singlets (like Laz p
b
1 p
b
2) and doublets (like L
a
z p
b
1 p
c
2, L
a
z p
c
1 p
b
2 with b 6= c). When solving the
determining equations for a given value of N we shall simplify WN by eliminating all trivial
integrals and restricting to just one singlet or to a single doublet. This will not necessarily
give us a complete classification of all doubly exotic potentials. It will however enable us to
find many examples and to confirm the existence of the two families WN(I) (45) and WN(II)
(46) of superintegrable systems. For all cases considered we have obtained nonlinear ODEs
for the potential functions and we have shown that they pass the Painleve´ test. For N = 3
all doubly exotic systems are known34 and the ODEs have been integrated in terms of the
original Painleve´ transcendents (so they do actually have th Painleve´ property7,8,16,17). For
N = 4 there are no doubly exotic potentials since all fourth order integrals trivial (products
of second order ones. For N = 5 all doubly exotic potentials are also known2 and all of the
ODEs for the potential functions pass the Painleve´ test. Most of them have been integrated
in terms of the known (second order) Painleve´ transcendents. Others probably define new
(higher order) transcendents. Unfortunately it is difficult to prove that the corresponding
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Laurent series have a nonzero radius of convergence. For N > 5 all results presented below
are new.
A. Case N = 3
For N = 3, there exists only one doubly exotic superintegrable potential. The corresponding
integral is a doublet with respect to the x, y permutation and is given by
• Y3 = cos γ p31 + sin γ p32 + . . .
V (x, y) = ~2
[
ω21 P1(ω1 x) + ω
2
2 P1(ω2 y)
]
, (50)
(0 < γ 6= pi
2
< pi, ω51 = cos γ, ω
5
2 = − sin γ ) where P1 = P1(u) satisfies the first Painleve´
equation
P ′′1 = 6P
2
1 + u .
This result was obtained in Ref.34 (eq. (Q.17)) and Ref.39 (eq. (3.22)-(3.23)), independently.
This is the first element of an infinite family (WN(I)) of higher order superintegrable po-
tentials separating in Cartesian coordinates. This family is characterized by an Nth-order
integral YN separating in Cartesian coordinates, that is, YN = YN(x, p1) + YN(y, p2).
B. Case N = 4
In this case, all the fourth order terms (30) in Y4 can be written as a polynomial in the
trivial integrals H and X. The corresponding fourth order integral would correspond to
one of the original second order superintegrable potentials introduced in Refs.26,31, namely
V = ω (x2 + y2) + β
x2
+ γ
y2
. Therefore, no doubly exotic potentials with a non trivial fourth
order integral exist.
C. Case N = 5
The decision to respect the (x, y) permutation symmetry restricts the N = 5 case to one
singlet and two doublets treated below.
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• Y (a)5 = {Lz, p21 p22} + . . .
The potential is given by
V (x, y) = ~2 [F ′(x; a, b) + F ′(y; a˜, b˜) ] , (51)
where the function F = F(z; a, b) satisfies a nonlinear ODE of the form
F (3) − F ′ [ 6F ′ + a + σ z2 ] − 2σ zF + b0 + b1 z + b2 z2 + Λ z4 = 0 , (52)
F (`) ≡ d`
dz`
F(z), here a, bk (k = 0, 1, 2), σ and Λ are real constants. For σ 6= 0, up to a
redefinition of the constants, the solutions of (52) are given by
2V1(x) = ~2
(√
αP ′4 − αxP4 − αP 24 − α
x2
4
)
,
2V2(y) = ~2
(√
αP ′4 − α y P4 − αP 24 − α
y2
4
)
, (53)
where P4 = P4(u; α 6= 0, K1, K2) satisfies the fourth Painleve´ equation
P ′′4 =
(P ′4)
2
2P4
− 3
2
αP 34 − 2αuP 24 −
(
1
2
αu2 +K1
)
P4 +
K2
P4
. (54)
(see eq. (139) in Ref.2). This potential starts the second infinite family WN(II) of higher
order superintegrable potentials separating in Cartesian coordinates.
• Y (b)5 = cos γ p51 + sin γ p52 + . . .
This doublet is the second term in the family I starting at N = 3. For the function V1 we
obtain the fourth order ODE
cos γ
[
a0 + a2 V1 + 6 a1 V
2
1 + 40V
3
1 − a1 ~2 V ′′1 − 10 ~2 (V ′1)2
− 20 ~2 V1 V ′′1 + ~4 V (4)1
]
= λx , (55)
functionally identical to the one obtained for the function V2
sin γ
[
b0 + b2 V2 + 6 b1 V
2
2 + 40V
3
2 − b1 ~2 V ′′2 − 10 ~2 (V ′2)2
− 20 ~2 V2 V ′′2 + ~4 V (4)2
]
= −λ y , (56)
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Here ak, bk are arbitrary real parameters. Again, the above results were found in Ref.
2
(eq. (146)) and Ref.39 (eq. (3.30)), independently. The above two equations pass the
Painleve´ test for ~ 6= 0 only. The resonances occur at r = 2, 5, 8. For particular cases of
the parameters, they appear in the list of fourth order Painleve´ equations of polynomial
class, classified by Cosgrove16: it is precisely the so called equation F-V (see equation (2.67)
in16 with α = β = 0). It is conjectured that these equations define a new transcendent
in the sense that their general solution cannot be expressed in terms of the six Painleve´
transcendents.
A complete analysis of the doubly exotic potentials for N = 5 was presented earlier2. In
addition to the cases presented above several other ones were obtained corresponding to
mixed non symmetric integrals like Y5 = A023 p
2
1 p
3
2 + A050 p
5
1 + l.o.t. (case Q5 in Ref.
2) or
Y5 = A032 p
3
1 p
2
2 +A005 p
5
2 + l.o.t.. Similar comments apply to the cases Q7, and Q9 of Ref.
2 .
D. Case N = 6
For N = 6, as previously mentioned the terms A060 p
6
1, A006 p
6
2 and A033 p
3
1 p
3
2 in (32) can be
removed from Y6 by means of the two trivial integrals H and X. In fact, the term A033 p
3
1 p
3
2
leads to the square of a lower order superintegrable system. Here, we only consider the
following case
• Y6 = {L2z, p21 p22 } + . . .
This singlet is the second element in the family II starting at N = 5. The potential is given
by
V (x, y) = ~2 [F ′(x; a, b) + F ′(y; a˜, b˜) ] , (57)
where the function F = F(z; a, b) satisfies the nonlinear ODE[
z2F (3) + 2 zF (2) − 2F ′ ] − F ′ [ 6 z2F ′ + 4 zF + a1 z + a2 z2 + σ z4 ] +
F [ 2F + a1 − 2σ z3 ] + b0 + b2 z2 + b3 z3 + b4 z4 + Λ z6 = 0 , (58)
F (`) ≡ d`
dz`
F(z), here the ak, bk, σ and Λ are real constants. The equation (58) passes
the Painleve´ test for any value of these parameters, the resonances occur at r = 1, 6. The
solution of (58) can be expressed in terms of the fifth Painleve´ transcendent function P5 (see
eqs. (42)-(45) in Ref.54).
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In the particular case when all the real constants in (58) are identically zero we obtain the
solutions:
V1(x) =
~2
2
(√
αP ′3 +
3
4
αP 23 +
δ
4P 23
+
β P3
2x
+
γ
2P3 x
− P
′
3
2xP3
+
P ′23
4P 23
)
, (59)
V2(y) =
~2
2
(√
αP ′3 +
3
4
αP 23 +
δ
4P 23
+
β P3
2 y
+
γ
2P3 y
− P
′
3
2 y P3
+
P ′23
4P 23
)
, (60)
where P3 = P3(u) satisfies the third Painleve´ equation
P ′′3 =
P ′23
P3
− P
′
3
u
+ αP 33 +
βP 23 + γ
u
+
δ
P3
.
E. Case N = 7
• Y (a)7 = {L3z, p21 p22 } + . . .
This singlet is the third element in the family II that starts at N = 5. The potential is
given by
V (x, y) = ~2 [F ′(x; a, b) + F ′(y; a˜, b˜) ] , (61)
where the function F = F(z; a, b) satisfies again a nonlinear ODE of the form[
z3F (3) + 4 z2F (2) − 8F ] − F ′ [ 6 z3F ′ + 8 z2F + a1 z + a2 z2 + σ z5 ] +
F [ 4 zF + 2 a1 + a2 z − 2σ z4 ] + b0 + b1 z + b3 z3 + b4 z4 + b5 z5 + Λ z7 = 0 ,
(62)
(cf.(58)) F (`) ≡ d`
dz`
F(z), here the ak, bk, σ and Λ are real constants. Again, the equation
(62) passes the Painleve´ test for any value of the parameters, the resonances occurring at
r = 1, 6.
• Y (b)7 = cos γ p71 + sin γ p72 + . . .
0 < γ 6= pi
2
< pi. In this case, the function V1 satisfies
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cos γ
[
~6 V1(6) − 4 ~4 V1(4) (7V1 + c1) + 40 ~2 (V ′1) 2 (7V1 + c1)
+ 8 ~2 V ′′1
(
35V 21 + 10 c1 V1 + 2 c2
) − 56 ~4 V1(3) V ′1 − 42 ~4 (V ′′1 ) 2
− 280V 41 − 160 c1 V 31 − 96 c2 V 21 − 64 c3 V1
]
= λx ,
(63)
where the c’s and λ are arbitrary constants. Similarly, the function V2(y) obeys
sin γ
[
~6 V2(6) − 4 ~4 V2(4) (7V2 + b1) + 40 ~2 (V ′2) 2 (7V2 + b1)
+ 8 ~2 V ′′2
(
35V 22 + 10 b1 V2 + 2 b2
) − 56 ~4 V2(3) V ′2 − 42 ~4 (V ′′2 ) 2
− 280V 42 − 160 b1 V 32 − 96 b2 V 22 − 64 b3 V2
]
= −λ y ,
(64)
in agreement with eq. (3.40) in Ref.39. Also, it is conjectured that the above two equations
define a new transcendent. They pass the Painleve´ test (~ 6= 0), the resonances occur at
r = 2, 4, 5, 7, 10.
F. Case N = 8
• Y8 = {L4z, p21 p22 } + . . .
In this case, the potential is given by
V (x, y) = ~2 [F ′(x; a, b) + F ′(y; a˜, b˜) ] , (65)
where the function F = F(z; a, b) satisfies the third-order nonlinear ODE[
z4F (3) + 6 z3F (2) + 6 z2F ′ − 24 zF
]
− F ′ ( 6 z4F ′ + 12 z3F + z(a1 z + a2) + σ z6 )
+ F ( 6 z2F + 2 z a1 + 3 a2 − 2σ z5 ) + b0 + b1 z + b2 z2 + b4 z4 + b5 z5 + Λ z8 = 0 .
(66)
The above equation also passes the Painleve´ test, the resonances occur at r = 1, 6.
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G. Case N = 9
• Y (a)9 = {L5z, p21 p22 } + . . .
In this case, the potential reads
V (x, y) = ~2 [F ′(x; a, b) + F ′(y; a˜, b˜) ] , (67)
where the function F = F(z; a, b) satisfies the third-order nonlinear ODE[
z5F (3) + 8 z4F (2) + 16 z3F ′ − 48 zF
]
− F ′ ( 6 z5F ′ + 16 z4F + a1 z + a2 z2 + a3 z3 + σ z7 )
+ F ( 8 z3F + 4 a1 + 3 a2 z + 2 a3 z2 − 2σ z6 ) + b0 + b1 z + b2 z2 + b3 z3
+ b5 z
5 + b6 z
6 + Λ z9 = 0 .
(68)
Not surprisingly, the equation (68) passes the Painleve´ test as well.
• Y (b)9 = cos γ p91 + sin γ p92 + . . .
The above integral belongs to the infinite family I. The corresponding potential can be
expressed as
V (x, y) = U
(
x;
λ
cos γ
, c
)
+ U
(
y;− λ
sin γ
, c˜
)
, (69)
(0 < γ 6= pi
2
< pi) where the function U = U(z; b, c) satisfies the eighth-order nonlinear ODE
~8 U (8) − ~6
[
4U (6) (9U + c1) + 138
(
U (3)
)2
+ 108U (5) U ′ + 228U (4) U ′′
]
+
~4
[
112U (4) U c1 + 16U
(4) c2 + 168 (9U + c1) (U
′′)2 + 504U (4) U2 +
224U (3) (9U + c1)U
′ + 1848 (U ′)2 U ′′
]
+ ~2
[
− 1120 c1 U2 U ′′ − 320 c2 U U ′′ − 64 c3 U ′′ −
3360U3 U ′′ − 80 ( 63U2 + 14U c1 + 2 c2 ) (U ′)2 ] + 2016U5 + 1120U4 c1 +
640U3 c2 + 384U
2 c3 + 256U c4 = b z ,
here the c’s and b are arbitrary constants. Independently of these constants, the equation
(70) passes the Painleve´ test (~ 6= 0), the resonances occur at r = 2, 4, 5, 6, 7, 9, 12.
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H. Case N = 10
• Y10 = {L6z, p21 p22 } + . . .
Finally, the potential is of the form
V (x, y) = ~2 [F ′(x; a, b) + F ′(y; a˜, b˜) ] , (70)
where the function F = F(z; a, b) satisfies the third-order nonlinear ODE[
z6F (3) + 10 z5F (2) + 30 z4F ′ − 80 z3F
]
−
F ′ ( 6 z6F ′ + 20 z5F + a3 z3 + a2 z2 + a1 z + σ z8 ) +
F ( 10 z4F + 3 z2 a3 + 4 z a2 + 5 a1 − 2σ z7 ) + P (z, b) + Λ z10 = 0 .
(71)
where P (z, b) is a certain ninth-degree polynomial in z. The equation (71) passes the
Painleve´ test, the resonances occur at r = 1, 6.
X. CONCLUSIONS
Let us sum up the main results reported in this paper.
1. The linear compatibility condition necessary for the existence of an Nth order integral
of motion Y is in general a PDE of order N in two variables. For separable potentials
(1) it reduces to a system of 4 linear ODEs of order (N + 2), two for V1(x) and two for
V2(y) (see Theorem 1 in Section IV). The equations for V1 and V2 are related by a per-
mutation of x and y and the corresponding permutation AN−m−n,m,n ⇔ AN−m−n,n,m.
2. We have used the above mentioned linear compatibility conditions to define standard,
singly exotic a doubly exotic potentials for arbitrary N ≥ 3. We concentrated on
doubly exotic ones for which all 4 linear compatibility conditions for the potential
functions V1(x) and V2(y) are satisfied trivially. Any further linear equations for the
potential functions that may arise in the solution of the complete set of determining
equations must also be forced to be trivial (by a suitable choice of the constants in
these equations).
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3. The doubly exotic potentials must satisfy further compatibility conditions, these how-
ever are nonlinear. In Section V, we show how to obtain and successively solve a well
of such nonlinear compatibility conditions separately for V1 and V2. The quantum
doubly exotic potentials are proportional to ~2. Thus, they differ from their classical
counterpart.
4. In Section VII we show that two types of trivial integrals of order N exist for every
integrable or superintegrable system. The first type is a consequence of separability
alone (polynomials in H and X) and do not lead to a superintegrable system. The
second type is a consequence of superintegrability at order M < N and does not lead
to new superintegrable potentials.
5. In Section VIII we restrict to integrals Y that respect the x, y permutation symmetry
mentioned above. Their leading terms have the form (45) or (46). Accordingly, we
obtained two infinite families of such superintegrable systems.
6. In Section IX we consider special cases, namely N = 3, 4, . . . , 10. From these examples
we see that in each case we obtain one nonlinear ODE for V1(x) and one for V2(y).
These equations always successfully pass the Painleve´ test and in many cases have
been shown to actually have the Painleve´ property. This leads us to the main result
of this article in the form of two conjectures.
Conjecture 1 For an N th-order polynomial integral
Y
(I)
N,DE = cos γ p
N
1 + sin γ p
N
2 + (lower order terms) , for odd N ≥ 3 , (72)
0 < γ 6= pi
2
< pi, an infinite family of doubly exotic quantum superintegrable potentials occur.
The potential is given by
V (x, y) = ~2
[
U(x;λ cos−1 γ) + U(y;−λ sin−1 γ) ] , (73)
where the function U = U(z; b) satisfies the nonlinear ODE of order (N − 1)
U (N−1) +
N−3
2∑
k=1
[
U (N−2k−1)Pk(U)
+
∑
r(i+1)+s(j+1)=N−2k−1
[
U (i+1)
]r [
U (j+1)
]sPk−1(U) ] + PN+1
2
(U) = b z ,
(74)
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U (`) ≡ d`
dz`
U(z), here b is a constant. The functions Pk = Pk(U ;N), Pk−1 = Pk−1(U ;N, i, j, s, r)
and PN+1
2
= PN+1
2
(U ;N) figuring in (74) are polynomials in U , with constant coefficients,
of order k, k − 1 and N+1
2
, respectively.
Conjecture 2 For an N th-order polynomial integral
Y
(II)
N,DE = {L(N−4)z , p21 p22 } + (lower order terms) , N ≥ 5 , (75)
a second infinite family of doubly exotic quantum superintegrable potentials appears. In this
case, the potential is given by
V (x, y) = ~2 [F ′(x; a) + F ′(y; b) ] , (76)
where the function F = F(z; a) satisfies a nonlinear third order ODE of the form[
zN−4F (3) + 2(N − 5) zN−5F (2) + aN−6 zN−6F ′ + aN−7 zN−7F
] −
F ′ [ 6 zN−4F ′ + 4 (N − 5) zN−5F + Q1(z) + σ zN−2 ] +
F [ 2 (N − 5) zN−6F + Q2(z)− 2σ zN−3 ] + Q3(z) + Λ zN = 0 ,
(77)
F (`) ≡ d`
dz`
F(z), here the ak’s are real constants and are identically zero for k < 0. The
functions Qq’s figuring in (77) are polynomials in z of degree not larger than (N − 1). The
parameters σ, Λ are real constants.
The conjectures have been confirmed for N = 3 up to N = 10. We conjecture it to be true
for all N .
Several comments are in order.
Nonlinear ODEs may have special solutions that are also solutions of linear ODEs. For
instance five of the six original Painleve´ transcendents depend on between 1 and 4 complex
parameters. For special values of these parameters they have so called classical solutions
in terms of elementary functions, hypergeometric, cylindrical functions or other solutions of
linear (see e.g. the book37).
We do not claim that we have a complete classification of all doubly exotic quantum super-
integrable systems of the type (1), (2). Additional ones may appear for special vales of N
and even additional infinite families may exist.
In the case of doubly exotic classical systems, one can also obtain one nonlinear ODE for
V1(x) and one for V2(y). Unlike the quantum case, these equations do not pass the Painleve´
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test and in many cases it can be shown that they actually reduce to pure algebraic equations.
Work is in progress on the classical doubly exotic potentials and further properties of the
quantum ones.
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